We study the Noninteracting Control Problem for affine nonlinear control systems under the assumption that the number of scalar inputs equals the number of vector outputs. Our purpose is to find a static feedback law for the system which achieves noninteraction.
. Introduction
This paper is intended as a contribution to the theory of non-interacting control of nonlinear systems; the problem can be described as follows. Suppose that a dynamical system has been given, in which two sets of variables have been designated as instruments and as targets, respectively. The targets and instruments may be either scalar variables or vectors. One says that we have a situation of non-interacting (or input-output decoupling) if each instrument affects only one target and none of the others. If the given system does not have this property, one may ask whether it is possible to add control loops to the system in such a way, that non-interaction is obtained. This is the problem of non-interacting control.
To arrive at a precise problem statement, one has to specify: (i) the class of systems under study, (ii) the precise nature of the non-interaction one wants to obtain, and (iii) the control format. In this paper, we shall consider "affine" C13,18,221 systems, which constitute a class of nonlinear systems that has received considerable attention. We will assume that the input variables ('instruments') are scalars, but we allow the output variables ('targets') to be vectors. The condition of non-interaction will be defined using the concepts of "controllability distributions" [11,141 and "output controllability" [16,171 . The control schemes we shall consider consist of locally defined state feedback and (state-dependent) precompensation. This combination is often referred to in the literature simply as "static state feedback" C8,181 or even just "feedback". Definitions of the concepts mentioned here will be given below.
The non-interacting control problem has been studied extensively and from various points of view. Most of the literature is concerned with linear systems. In this field, one has the option of dealing with the problem via the transfer function, and this approach has been taken in some of the earliest work in non-interaction [ 4 , 5 , 1 0 1 as well as in recent contributions 163.
Within the state-space framework, a breakthrough was made around 1970 (C241; see also [ I ] ) .
The innovation centered around the introduction of the notion of "controllability subspace" as a means of expressing the intuitive notion of "subsystem", which is of obvious importance in the theory of non-interaction. Controllability subspaces came to play a key role in a succesful line of research that has been termed the "geometric approach" to linear systems theory. For more detailed accounts of the long history of non-interacting control of linear systems, we refer to [ I 2 [20, 3, 21 and also C81 we will use a nonlinear version of the concept of controllability subspaces. This extension was made in [ I 11 and [141, leading to various definitions for the so-called "controllability distributions". The concept was applied to solve special versions of the decoupling problem in [I61 and i171. In this paper, we will show that controllability distributions can be used to rederive a major result from the linear theory C241 in a nonlinear context. This continues a line of research [7] [8] [9] 11, that is directed towards a systematic generalization of the "geometric approach" 1231 to nonlinear systems, using the methods of differential geometry.
The organization of the paper is as follows. In section 2 , the precise formulation is given of the decoupling problem that we consider here. The main result follows in section 3, which is largely devoted to lemmas that are needed in the sufficiency part of the proof. Some remarks en the structure of a decoupled system are given in section 4 .
Problem formulation
Consider the affine nonlinear control system 
To t a k e c a r e t h a t i n t h e new d y n a m i c s ( 2 . 4 ) t h e i n p u t v . ( -) h a s no i n t e r a c t i o n w i t h z . ( -) , j I , w e m u s t h a v e J To a c h i e v e t h a t v i ( * ) ' c o n t r o l s ' t h e c o r r e s p o n d i n g o u tp u t z i ( * ) , i E m, we n e e d t h e n o n l i n e a r v e r s i o n of o u t p u t c o n t r o l l a b i l i t y , t h a t i s
- Ci*Ri = TNi, i E -m ,( 2 .
) which i s e q u i v a l e n t t o t h e f a c t t h a t t h e s e t o f r e a c ha b l e o u t p u t v a l u e s h a s n o n e m p t y i n t e r i o r i n X i , i E E ,
see [16,171. Because R . c R . we s e e t h a t ( 2 . 9 ) i m p l i e s
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There i s a . n i c e and i n o u r c o n t e x t u s e f u l i n t e r p r e t a t i o n o f ( 2 . 8 ) ,
(2.9) and (2.10) i n g e o m e t r i c t e r m s . R e c a l l t h e f o l l o w i n g d e f i n i t i o n s , s e e [ 7 , 9 , 1 3 , 1 8 1 . 
An i n v o l ut i v e d i s t r i b u t i o n D on ? . I i s c a l l e d c o n t r o l l e d i n v a r i a n t i f t h e r e e x i s t s a f e e d b a c k ( 2 , 3 ) s u c h t h a t t h e m o d i f i e d dynamics (2.4.5) s a t i s f i e s An i n v o l u t i v e d i s t r i b u t i o n D on M i s c a l l e d a (degene-
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R . i s a d e g e n e r a t e c o n t r o l l a b i l i t y d i s t r i b u t i o n , i E m. I n t h i s way t h e s t a t i c s t a t e f e e d b a c k n o n i n t e r a c t i n g c o n t r o l p r o b l e m c a n b e s t a t e d a s f o l l o w s : G i v e n t h e s y s t e m ( 2 . 2 , 2 ) , f i n d , i f p o s s i b l e , a feedback l a w ( 2 . 3 ) s u c h t h a t t h e d i s t r i b u t i o n s
Ri d e f i n e d b y ( 2 . 6 , i ) s a t i s f y (2.8) and ( 2 . 1 0 ) .
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n A.
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Formulation of the main result
We now come to the necessary and sufficient conditions for the solvability of the regular local noninteracting control problem. For this we need some notations an83 assumptions.
- 
